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Abstract

Opportunistic or Delay Tolerant Networksis a new net-
working paradigm that is envisioned to complement exist-
ing wireless technologies (cellular, WiFi) by exploiting a
“niche” performance-cost tradeoff. Wireless peers communi-
cate when in contact, forming a network “on the fly” whose
connectivity graph is highly dynamic and only partially con-
nected. This gives rise to a number of challenging optimiza-
tion problems, such as end-to-end routing, resource alloca-
tion, content placement etc. While globally optimal solutions
are normally sought in network optimization, node actions
and decisions in this context are inherently local. As a result,
most solutions proposed rely on local heuristics without any
guarantees about their convergence properties towards a de-
sired global outcome. In this paper, we look deeper into the
problem of Distributed Optimization in the context of Oppor-
tunistic Networks. We propose an analytical framework and
use it to study deterministic (Greedy) and stochastic utility
ascent (Markov Chain Monte Carlo) algorithms. Using this
framework, we prove necessary and sufficient conditions for
their correctness, and derive closed form solutions for their
performance (convergence probability and delay), in generic
mobility scenarios. We use real and synthetic mobility traces
to validate our findings, and examine the impact of mobility
properties in more depth.

1 Introduction

Communication over multiple wireless mobile hops often re-
sults in connectivity disruptions lasting from seconds (urban
scenarios) to minutes or days (extreme environments).Op-
portunistic Networks(or Delay Tolerant Networks– DTNs)
are envisioned to supplement existing wireless infrastructure-
based services (e.g., offload cellular data traffic), and enable
novel (e.g., social and location-based) applications. Nodes
harness unused bandwidth by exchanging data whenever they
are in proximity (in contact), with the goal to forward data
(probabilistically closer) towards a (set of) destination(s). By
introducing redundancy (e.g., coding [1] or replication [2, 3])
and intelligent mobility prediction algorithms, data of inter-
est can be delivered or retrieved over a sequence of such con-

tacts, despite the lack of end-to-end paths.

Finding, moving, and storing data over adisconnectedand
highly dynamicconnectivity graph poses significant chal-
lenges. This has attracted a lot of researchers to study unicast
and multicast routing problems [4], resource allocation prob-
lems [5], content placement and distributed caching [6], etc.
These can often be formulated as an optimization problem
over the connectivity graph. However, the volatile nature of
this graph, the long delays to learn the state of nodes not cur-
rently in contact, and the cost of flooding state data over the
network, imply that: (i)centralized solutions are impracti-
cal, and (ii)distributed solutions requiring global knowledge
are costly and suboptimal, as they may rely on obsolete data.

As a result, the majority of algorithms proposed for these
problems are intuitive heuristics, or greedy algorithms that
deterministically choose the “best” available action lo-
cally [7, 8, 9]. No guarantee of convergence to the (globally)
optimal configuration is usually given, resorting instead to
simulations to evaluate performance. In optimization theory,
it is well known that such algorithms, performing a gradi-
ent ascent over the solution space, converge if the problem
is convex, but can easily fail in the presence of local max-
ima [10]. In the latter case, stochastic techniques like simu-
lated annealing and evolutionary algorithms are often used.

In the context of Opportunistic Networking, the correctness
and efficiency of such greedy, local algorithms is not straight-
forward to assess.First, optimization problems in DTNs are
by nature distributed; the state of different nodes may change
independently and without mutual knowledge.Second, in
traditional optimization problems, the traversal of the solu-
tion space is under the control of the algorithm designer.
Gradient-based algorithms usually define a local neighbor-
hood of solutions and move to the best one among them. In
contrast,the solution space traversal in optimization prob-
lems over DTNs is dictated by node mobility. Third, in tra-
ditional problems, local maxima are states whose utility is
higher than any other state in its local neighborhood. In the
context of DTN optimization, the “local” neighborhood of
every state constantly changes over time; as a resultlocal
maxima may be transient.

This paper is an attempt to better understand the nature of
distributed optimization algorithms in DTNs and to provide



an analytical framework to assess their performance. Our
main contributions can be summarized as follows:

• We propose a Markov chain model that combines the
mobility properties of a scenario and the actions of an
algorithm into an appropriate transition matrix over a
problem’s solution space (Section 2).

• We propose and study two generic optimization algo-
rithms, a deterministic utility ascent (greedy) one, and a
stochastic utility ascent algorithm based on the Markov
Chain Monte Carlo framework (Section 3).

• We prove necessary and sufficient conditions for the
correctnessof each algorithm, and use an extensive set
of real and synthetic mobility traces to examine whether
these conditions are met in practice (Section 3).

• We propose an analytical framework, based on transient
analysis over the Markov chain corresponding to an al-
gorithm, to derive closed form results for the conver-
gence probability and convergence delay of each algo-
rithm in a given mobility scenario (Section 4).

We believe that these initial results will shed some more light
on the interplay between DTN algorithms and the complex
mobility patterns observed in realistic scenarios, and will fa-
cilitate the design of better DTN algorithms.

2 Preliminaries

In this section, we describe some popular classes of dis-
tributed optimization problems in DTNs. We propose a
Markov chain interpretation of such problems, and show how
these classes can be mapped to the framework. Finally, we
present the datasets of real and synthetic mobility scenarios
that we will use in parallel with our analytical framework to
examine the properties of different algorithms and to validate
our analytical derivations.

2.1 Markov Chain Interpretation

Let N be the set of all nodes in our Opportunistic Network,
∣N ∣ = N . Each of theN nodes is identified by a unique ID.
Node mobility is assumed to be driven (implicitly or explic-
itly) by social relations to other nodes as well as location pref-
erence (e.g., home locations and hotspots).

Each node chooses its state inS (S may be a subset of ob-
jects to store, or the choice to offer a service or not, etc.).
A solution to many optimization problems in DTNs consists
of configuring every node to an appropriate state. Hence, the
solution space isΩ = {S}×{S}×⋯ = {S}N . To describe tran-
sitions overΩ, we propose the use of a time-homogeneous
discrete-time Markov chain(Xn)n∈N0

, whereXn is an N-
element vector, with each element taking values inS.

Let us consider two potential configurationsx, y ∈ Ω, with
x = (x1 , x2 , . . . , xN) and y = (y1 , y2 , . . . , yN). The values
xi , y i ∈ S are the states of nodei in configurationx and re-
spectivelyy. For example,xi = 1 if node i stores an object in

configurationx and y i = 0 if the node no longer stores that
object in configurationy (in this caseS = {0, 1}).

Definitions: (i) Difference between two configurations. First,
let the indicator variableIxy;i = 1{xi ≠ y j}. The variable is
1, when the state of nodei is not the same in both configura-
tions and0 otherwise. Then, we define the distance between
configurationsx andy: d(x, y) = ∑

1⩽i⩽N
Ixy;i .

(ii) Contact Probability Matrix. Changes in the network con-
figuration usually require a contact (e.g., a node drops a mes-
sage to receive another one, or gives an object for storage at
another node). As a result, transitions occur only between
configurationsx, y differing in at most two node statesi, j
(i.e., the nodes in contact):d(x, y) ⩽ 2. Let pci j be the prob-
ability that the next contact is between nodesi and j. These
probabilities define aContact Probability MatrixPc .

(ii) Acceptance Probability Matrix. When nodesi andj meet,
the optimization algorithm may change the state of none, one,
or both nodes (e.g., in routing:none– no message exchange,
one– nodej receives a message, orboth– nodej receives a
message and nodei deletes its copy of that message). All the
other nodes keep their state. We denote the possible change
x → y, wherexi ≠ y i or x j ≠ y j or both, andxk = yk,
∀ k ≠ i , j. We define theacceptance probabilityAxy or A i j

1

as the probability that the optimization algorithm performs a
change. This is usually determined by some utility function.
For example, for a greedy algorithmAxy = 0 if configuration
y is worse thanx andAxy = 1 otherwise. For the algorithm to
be fully distributed, the utility function must be decompos-
able, such that it can be evaluated locally by each node (e.g.,
degree, power, storage, for whichU(x) = ∑

1⩽i⩽N
U(xi)).

Given these definitions we can now write the transition prob-
abilities for our Markov chainXn as:

pxy = P [Xn+1 = y ∣Xn = x]

=

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

0, d(x, y) > 2
pci j ⋅ Axy , 1 ≤ d(x, y) ≤ 2
1 − ∑

1⩽z⩽∣Ω∣
z≠x

pxz , d(x, y) = 0 or x = y.
(1)

where,i and j are the two nodes in which statesx andy may
differ. pci j is themobility component of the transition prob-
ability andAxy is thealgorithm component of the transition
probability.

We now look at how specific classes of problems could be
mapped into this framework.

2.1.1 Content Placement or Distributed Caching

The problem could be formally defined as follows:given a
finite budget of replicasL for some content, find an optimal

1Since state transitions in the Markov chain occur solely upon contact
between two nodes, any transition related quantities (pxy, Axy etc) can be
more simply indexed by the two nodes meeting (pi j, Ai j etc). We favor this
simpler notation.
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subset of nodesL⋆ ⊂ N who will store the content, so as
to minimize some accessibility cost. This may be a popular
video, for example, that is expected to be heavily requested
in the future. For this problem:

• The node state space isS = {0, 1}, 1 = store replica.
• Ω consists of the(N

L
) possible choices ofL relays out of

the totalN nodes.
• Let x be the current configuration. With probabilitypci j ,

the transitionx → y mayoccur, if xi = 1, x j = 0 and
y i = 1, y j = 0:

i j

x = (x1 , . . . , 1, . . . , 0, . . . , xN)
y = (y1 , . . . , 0, . . . , 1, . . . , yN)

• Axy for this algorithm decides whether the transition
doesindeed occur.

We note here that the formulation could be applied to relay
selection problems foroptimal multicast[11, 12], network
coverage problems, etc.

2.1.2 Resource allocation:

Let us assume that there areK possible objects in the net-
work, yet each node can store onlyB < K of them. This
description corresponds, for example, to the problem of Pod-
Net channels assignment [13, 14]. It is also relevant to the
DTN buffer management problem [15, 5]. While this prob-
lem is slightly more complicated, it can still be mapped to the
above framework.

The state space for each node is larger, consisting of(K
B
)

possible states. This makes the problem solution space ex-

plode to[(K
B
)]N states. Moreover, when nodesi and j meet,

there are multiple ways to re-arrange their respective states
(as opposed to the binary choice faced before). The union of
the contents in the two nodes’ buffers may contain up to2B
unique objects. Out of these, there are up to(2B

B
)× (2B

B
) ways

to re-assign the objects toi and j (i and j can decide to store
the same object(s)). Various algorithms can be defined. For
example, an algorithm may pick a random element fromj’s
buffer and replace one of its own [14], or pick the configura-
tion most improving the utility (among the locally available
ones) [15].

2.2 Datasets

In order to cover a broad range of mobility scenarios, we
use five real contact traces and two synthetic mobility models
with their characteristics summarized in Table 1. The real
contact traces we use are the following: (i) the MITReality
Mining trace (MIT) [16], (ii) the iMotes Infocom 2005 trace
(INFO) [17], (iii) the ETH trace (ETH) [18], (iv) a trace from
an outdoor training scenario in the Swiss military (ARMA)
and (v) the San Francisco taxis trace (SFTAXI).

The two mobility models we use are the following:

(i) TVCM: In the Time-variant Community Model [19],
each node is randomly assigned one or more home lo-
cation areas (“communities”) on the plane. Nodes per-
form random waypoint trips inside and outside home
locations, with a probability1 − p of roaming outside
the community (in the next trip) and a probabilityp of
staying or getting back in the home location. By choos-
ing different travelling probabilitiesp for each node, a
large range of heterogeneous node behaviors can be re-
produced.
We use four versions of a simple TVCM scenario
throughout our analysis. Our scenario has two types
of nodes: “normal” nodes moving either exclusively or
mostly in their home locations, and more “gregarious”
nodes covering the entire simulation area. In the four
versions we vary the number of “normal” nodes and
communities, the size of the simulation area and the
value of p (1 – nodes are confined to their home loca-
tions, communities aredisjoint and can only commu-
nicate through bridges;0.7 – nodes occasionally travel
outside their home locations). In all four versions there
are4 “gregarious” nodes and the transmission range is
30 m. We denote these four versions of our TVCM sce-
nario:

• TVCM24: 24 nodes in200 × 200 m, 2 communi-
ties (12 and8 nodes), withp = 0.7;

• TVCM104: 104 nodes in300 × 300 m, 4 commu-
nities (50, 2 × 20 and10 nodes), withp = 0.7;

• TVCM24d: 24 nodes in200 × 200 m, 2 commu-
nities (12 and8 nodes), withp = 1 (“d” for disjoint
communities);

• TVCM104d 104 nodes in300× 300 m, 4 commu-
nities (50, 2×20 and10 nodes), withp = 1 (“d” for
disjoint communities), see Figure 1.

The TVCM104d scenario is illustrated in Figure 1.
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Figure 1: TVCM104d Mobility Scenario

(ii) HCMM: The Home-cell Community-based Mobil-
ity Model (HCMM) [20] is an extension of the
Community-based Mobility Model (CMM) [21]. CMM
was the first mobility model directly driven by a social
network. The Caveman model [22] is used to define a
network with social communities and each community
is assigned to a home location. In contrast to TVCM,
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transition probabilities are directly linked to the weights
on the overlay social network. HCMM adds location-
driven mobility to CMM. The travelling probability to a
locationα no longer depends on nodes currently at that
location but on the total weight of nodes assigned toα
as their home location (i.e., irrespective of their current
position). We use this model to create two synthetic
scenarios:

• HCMM20: 20 nodes in200 × 200 m, 2 communi-
ties;

• HCMM104: 100 nodes in300 × 300 m, 10 com-
munities;

3 Distributed Optimization Algo-
rithms

In this section, we discuss two distributed algorithms thatcan
traverse the solution space defined earlier, in search of the
optimal solution: agreedyand astochasticutility-ascent al-
gorithm. Our goal is to prove necessary and sufficient con-
ditions for the correctness of the algorithms (i.e., guaranteed
discovery of optimal solution). For illustration, we focushere
on the simpler content placement problem. However, the re-
sults presented in this section (Thms. 2 and 3) and in the next
one, apply to other problems as well, e.g., instances of the
resource allocation problem. We defer the detailed treatment
of this class of problems to future work.

Before moving to the core of the subject, we consider a toy
algorithm,Direct Placement. This is a direct extension of
the Spray and Wait routing protocol [3], and will be useful to
introduce some first aspects of the optimization problem in
hand, and to motivate utility ascent schemes.

3.1 Toy Algorithm: Direct Placement

SupposeL⋆ is known, i.e., we know the IDs of theL high-
est utility nodes. A simple algorithm would be for the source
node to distribute one ofL copies to the first nodes it encoun-
ters, e.g., using binary spraying [3]. Then the nodes holding
a copy of the content only forward it directly to nodes inL⋆.
Translated into the framework in § 2, the acceptance proba-
bility (algorithm component) is of the form:

Axy = A i j = 1{i ∈N ∖L⋆ , j ∈ L⋆},
wherexi = 1, x j = 0 (i has a copy,j does not) andy i = 0,
y j = 1 (the copy moved toj, if j had high utility).

Theorem 1 states that theL copies of the content will eventu-
ally be absorbed by the nodes inL⋆ if and only if there is a
non-zero contact probability between any node inL⋆ and any
other node in the rest of the network. ForL = 1, this means
that every node must have a direct tie to the highest utility
node (e.g., highest degree node).

Definition 1 (Visit probability). The random variableTxy ∶=
min{n ⩾ 1 ∣Xn = y, X0 = x} counts the number of steps

needed by the Markov chain to get from configurationx to
configurationy. Txy is calledhitting timefrom statex to state
y. If y is never reached, we setTxy = ∞. The probability to
get from statex to statey after arbitrarily many steps is called
visit probabilityvxy:

vxy ∶= P[Txy <∞]. (2)

Theorem 1. For all source nodesi and all initial copy allo-
cationsL, Direct Placementis correct if and only ifpci j > 0

for all i ∈N ∖L⋆ and all j ∈ L⋆.

Proof. (L = 1 case)Let us first prove Theorem 1 for the sim-
ple case ofL = 1, when the solution spaceΩ corresponds
to the set of nodesN, and the Markov ChainP is one-
dimensional. In this case, a potential solutionx ∈ Ω of the
optimization problem is still anN-element vector, but this
vector has a single non-zero elementx(i), wherei is the node
holding the one existing copy of content. Given this fact, we
can use the more intuitive notationx = i.

Denote byl the single node inL⋆. l is an absorbing state in
the chain, and we are interested inv i l for all i ≠ l . We will
usefirst step analysis[23], Eq. (1) and the fact thatA ik = 0,
for anyk ≠ l .

v i l = P[Ti l <∞] = ∑
1⩽k⩽N

P[Ti l <∞∣X1 = k] ⋅ pik
= pi l + v i l ⋅ pi i + ∑

1⩽k⩽N
k≠l ,i

vkl ⋅ p
c
ik ⋅ A ik

= pi l + v i l ⋅ pi i (3)

= pci l ⋅ A i l + v i l ⋅

⎛⎜⎜⎝1 − ∑1⩽k⩽N
k≠i

pcik ⋅ A ik

⎞⎟⎟⎠
= pci l + v i l ⋅ (1 − pci l )
⇒ v i l ⋅ p

c
i l = p

c
i l . (4)

“Sufficient”: Eq. (4) implies that ifpci l > 0, thenv i l = 1 and
henceDirect Placementis correct.

“Necessary”: Let us assume thatDirect Placementis correct,
that is, v i l = 1. From Eq. (3), we getpi l + pi i = 1 for all
i ≠ l . Assumingpci l = 0, and hencepi l = 0, would mean
that pi i = 1. From this, we can infer thatP[Ti j < ∞] = 0

for all j ≠ i, which contradicts our hypothesis thatv i l = 1.
Therefore, we must havepci l > 0 for all i ≠ l .

(L > 1 case)This can be seen as a system ofL particles on the
same chain. Since these particles are not interacting in the
case ofDirect Placement, we can treat this case asL appro-
priate one-dimensional chains (instead of anL-dimensional
chain). For the sake of presentation, we treat the case ofL = 2
(The proof is similar forL > 2). Denote byl1 and l2 the two
nodes inL⋆. We define two chains that are exactly as in the
L = 1 case, with the only difference being that in the first
chainl2 and in the second chainl1 are removed2.

2Note that this is not a coupling, since the two chains are not identical.
Furthermore, the choice of which chain should converge to which state of
the two, l1 and l2 , does not make any difference, because we need to prove
convergence forall possible initial configurationsof the 2 copies

4



MIT INFO ETH ARMA SFTAXI TVCM

Scale and context 92 campus students
& staff

41 conference atten-
dees

20 lab students & staff 152 people 536 taxis 24/104 nodes

Period 9 months 3 days 5 days 9 hours 1 month 11 days

Scanning Interval 300s (Bluetooth) 120s (Bluetooth) 0.5s (Ad Hoc WiFi) 30s (GPS) 30s (GPS) N/A

# Contacts total 81 961 22 459 22 968 12 875 1 339 274 1 000 000

Table 1: Mobility traces characteristics.

In order forDirect Placementto work, we need thatv i l1 = 1
for all i ≠ l1 , l2 for the first chain andv i l2 = 1 for all i ≠ l1, l2,
in the second one. Applying the proof for the caseL = 1 to
these two chains (the state missing in each, does not affect the
proof), we obtain thatpci l1 > 0 andpci l2 > 0, for all i ≠ l1, l2,
concluding the proof forL = 2. ∎

3.2 Single-Hop Paths in Mobility Traces

Our toy algorithm,Direct Placement, is a simple optimiza-
tion algorithm that has the advantage of making few trans-
missions (≈ 2L) to reach its goal. Theorem 1 states that the
applicability of it heavily depends on the mixing properties of
the nodes in the mobility scenario considered. We examine
here whether and to what extent the conditions of Theorem 1
hold in practice.

For our evaluation, we consider a number of real mobility
traces, introduced in Section 2.2. If there is a contact between
i and j during the trace, thenpci j > 0, and the two nodes are
reachable in the sense of Theorem 1. While it is not entirely
unrealistic to expect e.g., the highest degree node in a net-
work to be directly related (i.e., have at least one contact)to
every other node in the network, it is unlikely. This is con-
firmed by Figure 2, which shows the percentage of node pairs
that are reachable by a single hop over time.
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Figure 2: Single hop paths in various traces

In the ETH and Infocom traces, over90% of the node pairs
are directly reachable relatively early in the trace. For these
traces, theDirect Placementalgorithm has a chance of per-
forming decently, regardless of the utility function used.The
MIT and Armasuisse traces and the TVCM model, on the
other hand, barely achieve40 − 70% of directly reachable
node pairs by the end of the trace.

In a nutshell, in realistic mobility settings, the mobility-
related conditions required by the toy algorithm are often not
fulfilled. What is more, knowledge of the IDs of the high-
est utility nodes is not available for many problems. We now
move on to analyzing more flexible and practical algorithms.

3.3 Algorithm 1: Greedy Forwarding

Suppose now we no longer know the IDs of nodes inL⋆.
Without any other knowledge, a reasonable action is to lo-
cally try to increase the utility of the current configuration,
at every opportunity presented, until the copies arrive at the
highest utility nodes,L⋆, or no further improvement is pos-
sible. This is agreedyor deterministicgradient ascental-
gorithm, whose performance depends on the utility function
and the existence of local maxima.

Definition 2 (Greedy Forwarding). After an initial config-
uration is achieved (e.g., with spraying), each node with a
copy hands it over to a node it encounters if and only if this
increases the utility function. In the framework of Section2,
Greedy Forwarding corresponds to:

Axy = 1{Ux<Uy} . (5)

The state corresponding to one copy at each node inL⋆ is an
absorbing state. However, there may be additional absorbing
states (i.e., local maxima ofU), in which case, the algorithm
is not always “correct” (i.e., not guaranteed to converge to
the optimal solution from every initial copy assignment).

An important question here is the following:When can the
solution space be efficiently navigated with theGreedy For-
wardingalgorithm? What are the properties of the mobility
model or the utility function that make simple utility ascent
algorithms applicable? Theorem 2 derives necessary and
sufficient conditions on thecontact matrixPc for an increas-
ing utility path to exist between any node inN ∖L⋆ and any
node inL⋆.

Theorem 2. For all source nodesi and all initial copy allo-
cationsL, Greedy Forwardingis correct if and only if for all
i ∈ N ∖ L⋆ there exist at leastL nodesj1 , . . . , jL ∈ N with
U i < U j(.), such thatpci j(.) > 0.

Proof. We will again use the visit probability from Def. 1.
We start withL = 1 andL⋆ = {l}. This allows us once more
to use the more intuitive simplified notationx = i, where
x(i) = 1 andx( j) = 0 for all j ≠ i.
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“Sufficient”: If ∀ i ≠ l , ∃ j ∈ N with U i < U j, such that
pci j > 0, then we must prove that, for alli ≠ l :

v i l = p
c
i l ⋅ A i l + v i l ⋅ pi i + ∑

1⩽k⩽N
k≠l ,i

vkl ⋅ p
c
ik ⋅ A ik = 1. (6)

Let us further develop Eq. (6), using Eq. (1) and Eq. (5):

v i l = p
c
i l + v i l ⋅

⎛⎜⎜⎝
1 − ∑

1⩽k⩽N
k≠i

pcik ⋅ A ik

⎞⎟⎟⎠
+ ∑

k≠l ,i
Uk>U i

vkl ⋅ p
c
ik

= pci l + v i l − v i l ⋅ ∑
k≠i

Uk>U i

pcik + ∑
k≠l ,i
Uk>U i

vkl ⋅ p
c
ik

0 = pci l − v i l ⋅ ∑
k≠i

Uk>U i

pcik + ∑
k≠l ,i
Uk>U i

vkl ⋅ p
c
ik

v i l =

pci l + ∑
k≠l ,i
Uk>U i

vkl ⋅ p
c
ik

∑
k≠i

Uk>U i

pc
ik

=

∑
k≠i

Uk>U i

vkl ⋅ p
c
ik

∑
k≠i

Uk>U i

pc
ik

. (7)

From Eq. (7), we see that it would suffice thatvkl = 1 (k ≠ i),
for v i l = 1 (i ≠ l ) to be true. This is perfectly sensible since
vkl andv i l are almost the same. We already knowv l l = 1,
sinceA l i = 0 for all i ∈ N, hence we have to prove it for
k ≠ i , l . We will usecomplete induction.

Let us takek1 such thatU l > Uk1 > U j for all j ≠ l , k1; in
other words,k1 is the node with the second highest utility in
the network. Hence, fork1, using our hypothesis thatpck1 l > 0
Eq. (7) becomes:

vk1 l =
v l l ⋅ p

c
k1 l

pck1 l
= 1. (8)

Further, let us takekα−1 such thatU l > Uk1 > ⋯ > Ukα−1 > U j

for all j ≠ l , k1, . . . , kα−1; this meanskα−1 is the node with
the α-th highest utility in the network. Moreover, assume
vk1 l = . . . = vkα−1 l = 1. Then, we will prove that forkα , the
node with the(α + 1)-th highest utility,vkα l = 1. From the
hypothesis, for this node we have eitherpckα l > 0 or there
exists1 ⩽ β < α such thatpckα kβ > 0 or both. Then:

vkα l =

v l l ⋅ p
c
kα l
+ ∑

1⩽β<α
vkβ l ⋅ p

c
kα kβ

pc
kα l
+ ∑

1⩽β<α
pc
kα kβ

=

pckα l + ∑
1⩽β<α

pckα kβ

pc
kα l
+ ∑

1⩽β<α
pc
kα kβ

= 1.

(9)

Therefore, we have proven thatv i l = 1 for all i ≠ l and thus
Greedy Forwardingis correct.

“Necessary”: IfGreedy Forwardingis correct, then∀ i ≠ l ,
∃ j ∈ N with U i < U j, such thatpci j > 0. The assumption
thatGreedy Forwardingis correct means thatv i l = 1. Using
Eq. (6) and our hypothesis,v i l = 1, we obtain thatpci l + pi i +
∑

U i<U j

pci j = 1. Assumingpci l = 0 and pci j = 0, for all j ∈ N

with U i < U j would meanpi i = 1, i.e., i is an absorbing state

which implies thatv i l = 0, a contradiction. Therefore, there
must exist at least onej ∈ N with U i < U j such thatpci j > 0.
This ends the proof forL = 1.

(L > 1 case)The proof for the case ofL > 1 is more involved
but similar in substance. For the sake of presentation we will
argue for the case ofL = 2. The proof is similar in sub-
stance forL > 2. Denote byl1 and l2 the two nodes inL⋆.
The state space of the Markov chain isL-dimensional, there-
fore it explodes with the increase ofL. For the current case,
L = 2, the state/solution space isΩ = N ×N. Transitions
still happen only at contacts, hence transitions are only along
one dimension at a time. In the 2-dimensional case, these
transitions are governed, as previously, by factors of the form
A i j(k) = 1{ j≠k ,U i<U j}, wherei , j represent the transition di-
mension andk is the value of the other dimension.

“Sufficient”: If ∀ i ≠ l1 , l2, ∃ j1 , j2 ∈ N with U i < U j 1 and
U i < U j2 , such thatpci j 1 > 0 andpci j2 > 0, thenGreedy For-
warding is correct. We must prove here that, for all initial
i1 , i2 ≠ l1, l2:

v(i1 i2)(l1 l2) = pi1 l1 ⋅ pi2 l2 + pi1 l2 ⋅ pi2 l1 + v(i1 i2)(l1 l2) ⋅ pi1 i1 ⋅ pi2 i2
+ ∑

1⩽k1 ,k2⩽N
k1≠l1 , l2 ,i1
k2≠l1 , l2 ,i2

v(k1k2)(l1 l2) ⋅ p
c
i1 k1
⋅ pci2 k2 ⋅ A i1 k1(i2) ⋅ A i2 k2(i1)

= 1. (10)

An expansion of Eq. (10) gives the result presented in
Eq. (11). Using Eq. (11) and a complete induction argument
as above, it is easy to prove thatGreedy Forwardingis cor-
rect.

“Necessary”: IfGreedy Forwardingis correct, then∀ i ≠
l1 , l2, ∃ j1 , j2 ∈ N with U i < U j 1 and U i < U j2 , such
that pci j 1 > 0 and pci j2 > 0. The assumption thatGreedy
Forwarding is correct means thatv(i1 i2)(l1 l2) = 1. Using
Eq. (10) and our hypothesis,v(i1 i2)(l1 l2) = 1, we obtain that
pci1 l1 ⋅p

c
i2 l2
+pci1 l2 ⋅p

c
i2 l1
+pi1 i1 ⋅pi2 i2+ ∑

U i1<U j1
,U i2<U j2

pci1 j 1 ⋅p
c
i2 j2
= 1.

Clearly, assumingpci l1 = 0, pci l2 = 0 andpci j = 0, for all j ∈ N
with U i < U j would meanpi(.) i(.) = 1, i.e., i(.) are absorb-
ing states which implies thatv(i1 i2)(l1 l2) = 0, a contradiction.
Therefore, there must exist at least onej ∈ N with U i < U j

such thatpci j > 0.

Further, let us assume that for at least two nodesi ≠ l1 , l2
there exists exactly onej ∈ N with U i < U j, such that
pci j > 0. Consider the case when for both nodesj = l1, the
highest utility node in the network. In Eq. (10), this would
once again mean thatpi(.) i(.) = 1, a contradiction. In con-
clusion, to ensure thatGreedy Forwardingis correct, i.e.,
v(i1 i2)(l1 l2) = 1, we mustalwayshave at least one of the prod-
uctspci1 j 1 ⋅ p

c
i2 j2
> 0. This can be ensured only if∀ i ≠ l1 , l2,

∃ j1 , j2 ∈ N with U i < U j 1 andU i < U j2 , such thatpci j 1 > 0

andpci j2 > 0. ∎

Remark: Finally, it is important to note that this theorem can
be generalized to other distributed optimization problems,
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v(i1 i2)(l1 l2) = p
c
i1 l1
⋅ pci2 l2 + p

c
i1 l2
⋅ pci2 l1 + v(i1 i2)(l1 l2) ⋅

⎛⎜⎜⎝1 − ∑
1⩽k1 ,k2⩽N
k1≠i1 ,k2≠i2

pci1 k1 ⋅ A i1 k1(i2) ⋅ p
c
i2 k2
⋅ A i2 k2(i1)

⎞⎟⎟⎠ + ∑
1⩽k1 ,k2⩽N
k1≠l1 , l2 ,i1
k2≠l1 , l2 ,i2

U i1<Uk1
,U i2<Uk2

v(k1k2)(l1 l2) ⋅ p
c
i1 k1
⋅ pci2 k2

= pci1 l1 ⋅ p
c
i2 l2
+ pci1 l2 ⋅ p

c
i2 l1
+ v(i1 i2)(l1 l2) − v(i1 i2)(l1 l2) ⋅ ∑

1⩽k1 ,k2⩽N
k1≠i1 ,k2≠i2

U i1<Uk1
,U i2 <Uk2

pci1 k1 ⋅ p
c
i2 k2
+ ∑

1⩽k1 ,k2⩽N
k1≠l1 , l2 ,i1
k2≠l1 , l2 ,i2

U i1<Uk1
,U i2<Uk2

v(k1k2)(l1 l2) ⋅ p
c
i1 k1
⋅ pci2 k2

0 = pci1 l1 ⋅ p
c
i2 l2
+ pci1 l2 ⋅ p

c
i2 l1
− v(i1 i2)(l1 l2) ⋅ ∑

1⩽k1 ,k2⩽N
k1≠i1 ,k2≠i2

U i1<Uk1
,U i2 <Uk2

pci1 k1 ⋅ p
c
i2 k2
+ ∑

1⩽k1 ,k2⩽N
k1≠l1 , l2 ,i1
k2≠l1 , l2 ,i2

U i1<Uk1
,U i2<Uk2

v(k1k2)(l1 l2) ⋅ p
c
i1 k1
⋅ pci2 k2

v(i1 i2)(l1 l2) =

pci1 l1 ⋅ p
c
i2 l2
+ pci1 l2 ⋅ p

c
i2 l1
+ ∑

1⩽k1 ,k2⩽N
k1≠l1 , l2 ,i1
k2≠l1 , l2 ,i2

U i1<Uk1
,U i2<Uk2

v(k1k2)(l1 l2) ⋅ p
c
i1 k1
⋅ pci2 k2

∑
1⩽k1 ,k2⩽N
k1≠i1 ,k2≠i2

U i1<Uk1
,U i2<Uk2

pc
i1 k1
⋅ pc

i2 k2

=

∑
1⩽k1 ,k2⩽N

k1≠i1
k2≠i2

U i1<Uk1
,U i2 <Uk2

v(k1k2)(l1 l2) ⋅ p
c
i1 k1
⋅ pci2 k2

∑
1⩽k1 ,k2⩽N
k1≠i1 ,k2≠i2

U i1<Uk1
,U i2<Uk2

pc
i1 k1
⋅ pc

i2 k2

. (11)

such as the resource allocation problem defined in Section 2.
If one considers the (multi-dimensional) Markov ChainP de-
fined in Section 2 for the resource allocation problem, then
Theorem 2 simply states that greedy algorithm works, if and
only if there are no absorbing states inP. Nevertheless, the
state space ofP quickly explodes even for modestly complex
resource allocation problems, making the task of calculating
P challenging. It is also less obvious to infer how mobility
patterns and utility functions impact the algorithm.

Summarizing, given a distributed optimization problem
(mapped into a utility function), and a mobility scenario (cap-
tured in a contact probability matrix), Theorem 2 converts the
(often difficult) task of deciding whether a simple greedy al-
gorithm would suffice, into the (often simpler) task of check-
ing the rows of a matrix (the contact matrix) for enough non-
zero entries.

3.4 Utility Ascent Paths in Mobility Traces

The conditions of Theorem 2 appear less strict than those of
Theorem 1. Yet, in addition to the actual mobility scenario
and its contact pattern, it is not difficult to see that these con-
ditions (and the correctness or lack thereof) could be affected
by the following factors: (a) the value ofL, (b) the choice
of utility function. We return to our datasets, introduced in
Section 2.2, to examine whether and when these conditions
hold in practice.

Figure 3 shows the percentage of node pairs that are reach-
able by a utility ascent path as a function of TTL. While
for the whole trace duration, over90% of the node pairs are
greedily reachable, for smaller TTLs, many node pairs do not
have paths for the Greedy algorithm to use. This is due ei-
ther the nodes being unreachable or to existence of absorbing
local maxima.
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Figure 3: Multi hop greedy paths in various traces

In Figure 4, we investigate more closely the effect ofL and
the relation between the utility rank and the mobility rank.It
provides a comparison among two relevant utilities: (i) the
degree centrality, correlated to mobility [24, 12], and (ii) a
random utility, which has little or no correlation to mobility.
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Figure 4: Comparison of several utilities

Two observations ensue from Figure 4. First and foremost,
there do not always exist utility ascent paths leading to op-
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timal solutions. This means local maxima are present even
for simple utility functions. This becomes more pronounced
when L increases. Second, the correlation or lack thereof
between the utility rank and the mobility rank considerably
affects the navigability properties of the contact graph. This
stresses the need to choose utility functions carefully.

Summarizing, while theGreedy Forwardingalgorithm has
less strict requirements than theDirect Placementalgorithm,
it is still relatively fragile in the face of parameters likeTTL
and the choice of utility function. To cope with these issues,
stochastic optimization algorithms come in handy.

3.5 Algorithm 2: Markov Chain Monte Carlo

When the utility function is not known beforehand or there
is inherent uncertainty about the network and application pa-
rameters involved,stochasticalgorithms offer a more robust
solution than deterministic utility ascent algorithms. Intro-
ducing randomization allows one to escape local extrema and
explore additional configurations. Yet, randomization alone
will not suffice, as this would essentially correspond to aran-
dom walkover the configuration space, and would not guar-
antee convergence.

In the context of Opportunistic Networking, the type of
solution-space-traversal permissible by occurring contacts,
as described in Section 2, can be naturally mapped to Markov
Chain Monte Carlo (MCMC) methods [25]. While MCMC
methods are often used to simulate and sample complex (and
non-invertible) functions, they also provide a powerful tool
for stochastic optimization. Unlike the greedy algorithm,
they allow moves to lower utility states, but calibrate the
probability of such moves so as to provably converge to an
optimal solution [14, 26].

We will show how to modify the Greedy Forwarding using
Metropolis-Hastings sampling[25]. This consists of build-
ing anergodicMarkov chain, whereof the states are feasible
solutions of the optimization problem in hand. Once again,
we use the formalism introduced in § 2: the transition prob-
abilities of the Markov chain,pxy still have two components,
as in Eq. (1): a mobility component,pci j and an algorithm
component,Axy, with pxy = pci j ⋅ Axy.

Themobility component is the probability of “proposing” a
new configuration in Metropolis-Hastings terms. This com-
ponent cannot be changed regardless of the algorithm: it is
the contact probability between two nodes. Therefore, we act
on thealgorithm component, Axy, which is the acceptance
probability. In the Greedy Forwarding scheme, this compo-
nent was either0 (for a lower utility proposed configuration)
or 1 (for a higher utility proposed configuration). In contrast,
in the MCMC Forwarding scheme, we keep the1 for higher
utility states, but replace the0 with a well chosen probability.
Then, the algorithm component is:

Axy = min(1, π(y)
π(x)) . (12)

π(x) is the desired stationary distribution of the Markov
chain formed by the feasible solutionsx ∈ Ω of our system
(for theContent Placementproblem, all possibleL-node sub-
sets in the network). The Markov chain has a unique station-
ary distribution only if it is ergodic.

Moreover, for the chain to converge to the optimal solution,
the stationary distribution must be concentrated around that
solution. Hence, we must chooseπ(x) in such a way that,
with high probability, the Markov chain “walks” towards a
solution with the highest utility. The Gibbs distribution has
this property [25]:

π(x) = exp (Ux

T
)

∑
y∈Ω

exp (Uy

T
) , (13)

whereΩ is the space of all possible configurations andT is
a system parameter, the “temperature”. WhenT is small, the
distribution is concentrated around the large values ofUx and
thus, the algorithm will converge to a “good” solution with
high probability. Luckily, the normalizing constant in thede-
nominator of Eq. (13) cancels out resulting in the following
acceptance probability (algorithm component):

Axy =min
⎛⎜⎝1,

exp (Uy

T
)

exp (Ux

T
)
⎞⎟⎠ = min(1, exp(Uy −Ux

T
)) (14)

The MCMC-based optimization algorithm for the content
placement can then be defined as follows:

Definition 3 (MCMC Forwarding). Let x denote the current
configuration of node carriers, with nodei holding a content
copy: x(i) = 1. Let i encounter a nodej without a copy:
x( j) = 0. Then,i forwards a copy toj (or the chain goes
from statex to statey) with probabilityAxy = A i j =

min(1, exp(Ux −Uy

T
)) or min(1, exp(U j −U i

T
)) , (15)

if U is decomposable.

The following theorem is a direct application of the Markov
chain convergence theorem.

Theorem 3. For all source nodesi and all initial copy allo-
cationsL, MCMC Forwardingis correct if: (i) the Markov
chain corresponding to the contact matrix,Pc , is irreducible
and aperiodic, (ii) the stationary distribution or this Markov
chain is highly concentrated around the nodes inL⋆.

Proof. (i) According to Eq. (15) the acceptance probability
for any new state is always larger than0. Hence,

∃ n ∶ {P(n)}i j > 0⇔ {(Pc)(n)}i j > 0.
In other words, the transition matrixP for the algorithm
is irreducible and aperiodic, if and only if the contact ma-
trix Pc is irreducible and aperiodic, which in this case, the
Markov chain convergence theorem guarantees converge (see
e.g., [25]). (ii) ForT → 0, the stationary distribution of the
chain has almost all its mass on the configuration(s) maxi-
mizing the utility function. ∎

8



The Role of the Temperature T: We make here a final
note about temperatureT. For very smallT, the Markov
chain will almost surely converge to the maximumUx. How-
ever, the convergence time increases. For larger values ofT,
the chain will escape local maxima easier but the stationary
distribution is more flat; over time less optimal configura-
tions will have a higher probability to appear in steady state.
To overcome these difficulties,simulated annealingis often
used, where the temperature starts with a relatively highT but
gradually cools down. While theoretical results exist, show-
ing that appropriate cooling schedules (e.g. logarithmic)are
guaranteedto find a global optimum [27], the effect of cool-
ing schedules is beyond the scope of this paper.

3.6 Space-Time Paths in Mobility Traces

Let us now verify whether the properties of Theorem 3 hold
in practice. As for the previous algorithms, we will use the
real mobility traces, introduced in Section 2.2. This time,the
main requirement is that the contact graph of the network is
irreducible. With an appropriate choice of acceptance proba-
bilities, this implies that MCMC is always correct given suf-
ficient time.
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Figure 5: Multihop vs. utility-ascent paths in various traces

Figure 5 shows the percentage of node pairs that are reach-
able in multiple hops over time versus the percentage of node
pairs reachable by greedy paths at the same point in time. In
most traces, many more node pairs are reachable much earlier
in the trace by simple multihop paths than by greedy paths.
This means that real scenarios lend themselves well to the
usage of MCMC algorithms for object placement or resource
allocation.

4 Performance of Distributed Opti-
mization Algorithms in DTNs

In the previous section, we proved necessary and sufficient
conditions for each of the algorithms to reach the globally op-
timal configuration (Markov chain state) fromanyinitial con-
figuration. In addition toworst case performance, in practice

we are also interested in the following performance metrics
for the various algorithms:

(a) The convergence probabilityof the algorithm to the
global optimum. Even if a state isreachable, this does
not guarantee that it isreached, if local maxima exist.

(b) The convergence timeof the algorithm. In the case of
MCMC algorithms, while a path may exist, the proba-
bility of taking that path may be very small (due to high
utility differences at hops along the path), resulting in
high convergence delays.

Existing analytical models for DTNs, often used successfully
to treat simple epidemic-based routing protocols, do not lend
themselves easily to (more complex) algorithms where for-
warding decisions are utility-based [28, 11]. What is worse,
even a small departure from the assumption of independent
identically distributed (IID) contact times complicates the
problem significantly [29]. Yet, studies of real mobility set-
tings (based on many of the traces we use, as well), reveal
significant heterogeneity in pair-wise contact patterns. To ad-
dress the problem of performance prediction for distributed
optimization algorithms in DTNs, we take a different ap-
proach. Specifically, we will go back to the Markov chain
defined in Section 2 and show that convergence probability
and mean convergence time of each algorithm can be mapped
to statistics ofabsorptionor first passagequantities on the
Markov chain. These statistics can often be derived in closed
form after some matrix algebra.

4.1 Node Tie Strength and
Contact Probabilities

To define the Markov chainP for each algorithm, we need
Axy and pci j . We have shown how to obtainAxy for each
algorithm in Section 3. Here, we will show how to obtain
the required contact probabilitiespci j , for a given mobility

scenario3.

In order to estimatepci j values, we are interested in the
strengh of the relationship (“tie”) between nodesi and j. Dif-
ferent metrics such as the age of last contact [30, 7], contact
frequency [31, 24] or aggregate contact duration [24] have
been used as tie strength indicators in DTN routing proto-
cols.

Here we use a metric based on the residual intercontact time
of each node pair. Our Markov chains function in discrete
time measured in number of contacts, since it is a contact
that engenders each transition. Hence, the time between two
transitions is a residual intercontact time. For a pair of nodes
i and j, each contact occuring in the network is aBernoulli
trial : either the contact is betweeni and j (with probability
pci j), or not4. Therefore, the number of contacts until a node

3Note that the analysis and simulation results of Section 3 were only
concerned with pathexistence, that is whether the probability of a single or
multi-hop path was non-zero.

4We are assuming that contacts are mutually independent. While the
veracity of this assumption may be disputable, our results show that it is
sufficiently good for the study.
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pair meets again is geometrically distributed with parameter
pci j .

We measure these parameters for each node pair, by sampling
at exponentially distributed time intervals, using a Poisson
process [32]. This guarantees that we obtain the actual av-
erage residual intercontact time for each pair. We apply the
method of Maximum Likelihood estimation [33] for the geo-
metric distribution to the above samples, to obtain the proba-
bilities pci j .

Summarizing, for a given mobility scenario, we will derive
the matrixPc , as described above, use it to produce the algo-
rithm’s Markov chainP, and then resort to transient analysis
of this chain to derive useful statistics about the algorithm at
hand.

4.2 Performance of Greedy Forwarding

We will first look at the performance of theUtility Ascent
(Greedy) Forwardingalgorithm described in Section 3.3. The
Markov Chain(Xn)n∈N0

described byP corresponding to the
solution space traversal for theGreedy Forwardingalgorithm
is anabsorbing Markov chain. We therefore use the theory
of absorbing Markov chains to characterize the algorithm’s
performance [34].

Denote byx⋆ the globally optimal configuration correspond-
ing to the maximum utility solution. By definition, this is an
absorbing state in the Markov chain. Without loss of gener-
ality, let us assume that only one such configuration exists.
In the general case, the solution spaceΩ for the greedy al-
gorithm might also contain local maxima. The local maxima
correspond to other absorbing states inP. We denote the set
of such states

LM ⊂ Ω (local maxima).

LM contains all solutions (states)x ∈ Ω ∖ {x⋆}, such that
for every other statey ∈ Ω with d(x, y) = 2, eitherpci j = 0 or
Uy < Ux. This condition is equivalent to that of Theorem 2.
Every other state inΩ is a transient state. Denote by TR⊂ Ω,
the set of transient states. Then,Ω = {x⋆} ∪LM ∪ TR.

In order to derive absorption related quantities, we write the
matrixP in canonical form, where states are re-arranged such
that transient states (TR) come first, followed by absorbing
states corresponding to local maxima (LM), followed by the
maximum utility statex⋆:

TR LM x⋆

P =
⎛⎜⎜⎝

Q R1 R2

0 I 0

0 0 1

⎞⎟⎟⎠
TR

LM

x⋆

Denote∣LM ∣ = r1 and∣TR∣ = t, i.e., there arer1 local maxima
andt transient states. Then,I is anr1 × r1 identity matrix,Q
is a t × t matrix,R1 is a non-zerot × r1 matrix, andR2 is a
non-zerot-element column vector.

We can now define the fundamental matrixN for the absorb-
ing Markov chain as follows:

N = (I −Q)−1 = I +Q +Q2
+⋯ (16)

The last equality is easy to derive; a proof can be found
in [34], page 45.N is at× t matrix whose entrynxy is the ex-
pected number of times the chain is in statex, starting from
statey, before getting absorbed. Consequently, the sum of
each line of the fundamental matrix of an absorbing Markov
chain is the expected number of steps until absorption, when
starting from the respective state.

Theorem 4 (Success Probability: Greedy). The probability
that theGreedy Forwardingalgorithm will succeed in finding
the optimal solution, starting from any initial state with equal
probability, is given by

pg =
1

t
⋅ ∑
x∈TR

bxx⋆ , (17)

whereB⋆ = {bxx⋆} is a t-element column vector given by
B⋆ = NR2.

Proof. Starting from transient statex, the process may be
captured in the optimal state,x⋆, in one or more steps. The
probability of capture on a single step ispxx⋆ . If this does not
happen, the process may move either to an absorbing state
in LM (in which case it is impossible to reachx⋆), or to a
transient statey. In the latter case, there is probabilitybyx⋆ of
being captured in the optimal state. Hence we have:

bxx⋆ = pxx⋆ + ∑
y∈TR

pxy ⋅ byx⋆ , (18)

which can be written in matrix form asB⋆ = R2 +QB
⋆. Thus

B⋆ = (I −Q)−1R2 = NR2. B⋆ is the vector of success proba-
bilities starting from each of thet transient states. We obtain
the probability of success starting from any state uniformly,
as follows:

1

t
⋅ bx1x⋆ +⋯+

1

t
⋅ bxtx⋆ =

1

t
⋅ ∑
x∈TR

bxx⋆ . (19)

The idea for the proof of this theorem came from [34], page
52. ∎

Theorem 5 (Convergence Delay: Greedy). The expected
time for theGreedy Forwardingalgorithm to find the optimal
solution, starting from any initial state with equal probabil-
ity, given that it does not get absorbed in any local maximum
is given by E[Tg] = 1

t
⋅ ∑
x∈TR

τx , (20)

whereτ = {τx} is a t-element column vector given byτ =
D−1NDc. c is a t-element column vector with ones, andD is
a diagonal matrix with entriesbxx⋆ for x ∈ TR. Furthermore,
the variance of the convergence time is given byV[Tg] = 1

t
⋅ ∑
x∈TR

τ2,x + ( 1
t
⋅ ∑
x∈TR

τ2x − E[Tg]2) , (21)

whereτ2 = {τ2,x} and is given byτ2 = (2D−1ND−I)τ−(τ)2.(τ)2 is obtained fromτ by squaring each entry.

10



Proof. Assume we start in a non-absorbing statex of our
Markov chain(Xn)n∈N0

and compute all probabilities relative
to the hypothesis that the process ends up in the optimal state,
x⋆. Then we obtain a new absorbing chain(Yn)n∈N0

with a
single absorbing statex⋆. The non-absorbing states will be as
before, except that we have new transition probabilities. We
compute these as follows. Leta be the statement “(Xn)n∈N0

is absorbed in statex⋆”. Then if x is a non-absorbing state,
the transition probabilities for(Yn)n∈N0

are:P[Yn+1 = y ∣Yn = x] = P[Xn+1 = y ∣a ∧Xn = x]
=
P[Xn+1 = y ∧ a ∣Xn = x]P[a ∣Xn = x]
=
P[a ∣Xn+1 = y] ⋅ P[Xn+1 = y ∣Xn = x]P[a ∣Xn = x]

p̂xy =
byx⋆ pxy

bxx⋆
.

The standard form for̂P, the transition matrix of(Yn)n∈N0
,

may be obtained as follows. The matrixR̂ is a column vector
with R̂ = { pxx⋆

bxx⋆
}. Let D be a diagonal matrix with diagonal

entriesbxx⋆ , for x non-absorbing. Then̂Q = D−1QD and
consequently,̂N = D−1ND. B̂⋆ is now a t-element column
vector of ones.

The derivations ofτ andτ2 as a function of̂N can be found
in [34], page 51. The initial state is chosen uniformly in TR,
therefore, usingτ, τ2 and the laws of total expectation and
respectively total variance, we obtain the results in equations
20 and 21.

This proof is inspired from [34]. ∎

Corollary 6. The expected time for theGreedy Forwarding
algorithm to converge to any solution, locally or globally op-
timal, is given by1

t
⋅ ∑
x∈TR

Tx, whereT = {Tx} is given by

T = Nc. c is a t-element column vector with ones.

4.3 Performance of MCMC Forwarding

We now turn our attention to theMarkov Chain Monte Carlo
algorithm. In the context of Opportunistic Networks, we are
interested in mobility scenarios whose contact graph is “con-
nected”, that is, “space-time” paths [35] exist between every
two nodes in the network. If this is not the case, the net-
work is considered permanently partitioned (within the time
horizon we consider) and should be treated as two separate
networks, since no DTN algorithm allows nodes in the two
partitions to communicate.

In the case of the Greedy algorithm, as we saw earlier, the
acceptance matrix may remove links and make the resulting
Markov chain described byP reducible, even if the contact
matrixPc is irreducible.

Lemma 7 (Ergodicity). The Markov Chain defined by the
transition matrixP for the MCMC algorithm is ergodic, if
the respective contact matrixPc defines an ergodic chain.

Furthermore, the probability that the MCMC algorithm dis-
covers the optimal solution, as time goes to infinity, goes to
1.

Proof. The first part of the Lemma: “Pc ergodic⇒ P er-
godic”, is proven as in item i of Th. 3. The second part is
also closely related to item ii of Th. 3. Indeed, since the sta-
tionary distribution of the Markov chain described byP is
chosen such that most of its mass is on the optimal configu-
ration, the chain will inevitably end up in that configuration
as time goes to infinity. ∎

The above theorem states that, given enough time, the
MCMC algorithm is guaranteed to discover (visit) the op-
timal state. We next look at how long this actually takes, on
average.

SinceP for the MCMC algorithm is an ergodic chain, we
cannot anymore use the theory of absorbing matrices of Sec-
tion 4.2 to calculate performance quantities of interest. The
fundamental matrixN cannot be defined, as(I − Q) is not
reversible anymore [34]. In this context, we must look in-
stead at the statistics of thefirst hitting timeto the Markov
chain state corresponding to the optimal configuration, start-
ing from any other state. This is also often referred to as
first passage time. Since the Markov chain is ergodic, hit-
ting the optimal state does not guarantee that the algorithm
stays there forever. Nevertheless, themean first passage time
can be seen as a lower bound on the convergence delay of
the MCMC. If the simulated annealing algorithm is designed
correctly (see Section 3), this bound can become tight.

Hitting times on finite graphs or Markov chains can be de-
rived in different ways, including first step analysis, the elec-
tric network analogy, or through spectral properties. Here,
we will use an approach that is similar to the approach of
Section 4.2, which derives from first step analysis. WhileN

cannot be defined as in the absorbing Markov chain case, a
different fundamental matrix for ergodic chainscan still be
defined that plays a similar role:

Z = (I − P +Π)−1 , (22)

whereΠ is a matrix with each of its rows being thestationary
probability vectorfor transition matrixP.

Theorem 8 (Convergence Delay: MCMC ). The expected
time for theMCMC Forwardingalgorithm to converge to the
optimal configuration/statex⋆, starting from any state with
equal probability, is lower bounded by

1

∣Ω∣ − 1 ∑
y∈Ω∖{x⋆}

zx⋆x⋆ − zyx⋆

πx⋆
, (23)

whereπx⋆ is the stationary probability of the optimal state
and∣Ω∣ is the size of the solution space.

Proof. To lower bound the expected convergence time, we
will use the mean first passage time from a given statey to the
optimal configurationx⋆. In [34], pages 78-79, the authors
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prove using matrix algebra that the mean first passage times
from any state to any state contained in the matrixM are
given by:

M = (I − Z + EZdg)D, (24)

whereE is a square matrix with all entries1, Zdg agrees with
Z on the main diagonal, but is0 elsewhere, andD is a diago-
nal matrix with diagonal elementsdyy = 1

πy
.

From a given statey to the optimal configurationx⋆, the mean
first passage is elementmyx⋆ of M, which from equation 24
can be written as:

myx⋆ =
zx⋆x⋆ − zyx⋆

πx⋆
. (25)

Using equation 25 above and averaging over all non-optimal
states (∣Ω∣ − 1 in total), we obtain the expected first passage
time starting from any state with equal probability to the op-
timal configuration/statex⋆ as shown in equation 23. This
quantity is a lower bound for the convergence time of the
MCMC algorithm, since the probability for the chain to leave
x⋆ is, albeit very small, larger than0. ∎

The temperature parameter discussed in Section 3.5 is impor-
tant for this result. It determines theAxy components of the
Markov chainP. The formula is exact for fixed temperature
values, when the Markov chain is time-homogeneous. How-
ever, MCMC algorithms of this type are generally used with
some cooling method to speed up convergence, which makes
the Markov chain inhomogeneous. In this case, the formula
can still be used with e.g., the mean temperature value of the
cooling schedule to obtain a lower bound.

Remark: The probability and delay estimations for both the
greedy and the MCMC algorithms require the inversion of
matrices. This is relatively easy for a Markov chain the size
of the network, as is the case, e.g., for the content placement
problem withL = 1 copy (as shown in Section 2). As the state
space of the Markov chain increases (e.g.,L > 3), it becomes
difficult to calculate inverses and to handle the chain in gen-
eral. The state space explosion problem has been mitigated
in other context through e.g., state lumping, Petrinet-based
models etc. We recognize this as a scalability problem for
our framework and plan to address it in the future.

4.4 From Contact Clock Ticks to Real Time

It is important to note here that, in the above results concern-
ing convergence time, we have measured time in terms of
“contact clock ticks”. We look at the sequence of consecu-
tive contacts occurring (between any two nodes) and derive
the expected number of contacts until the optimal solution
is found. This might be desirable in many cases, in order
to fairly compare performance in the different mobility sce-
narios considered, due to the (sometimes artificially) varying
sparsity of contact measurements (e.g., average inter-contact
time is much higher in MIT than in ETH).

We show here how one could go back from the results of
Th. 5 and 8 to real time. In a somewhat different context fo-
cusing on distributed estimation, the authors of [36] assume
exponential clock ticks and use the law of large numbers to
show that the exact time of then-th tick is highly concen-
trated around its average. We argue here that a slightly more
generic statement can be made based on Renewal Theory and
Wald’s equation[23].

Lemma 9. Let the expected time between consecutive con-
tact events beE[C]. Let furtherTst denote the delay or con-
vergence time of a given process over an opportunistic con-
tact graphW, in terms of number of contacts. Then, the ex-
pected delay of this process is equal to

E[C] ⋅ E[Tst]. (26)

Proof. Let the times of consecutive contact events be re-
newals. If time is counted at renewal times (contact times),
it is easy to see that delay quantities derived in Section 4, are
stopping times. We can then apply Wald’s equation [23] to
get Eq. (26). ∎

5 Validation of Analytical Results

We assess here the validity of the above theorems using the
same traces as previously. We use thepci j as calculated in
Section 4.1 and some decomposable utilities for the calcula-
tion of theA i j components. The various utility functions we
test, originate in a weighted graph,W = {wi j} for the net-
work. The weights may express the relationship between the
two nodes or they may be uncorrelated to node relationships.
For each node, we calculate utility as its weighted degree:

d i = ∑
j∈N

wi j . (27)

In this work, we use the following four utility functions:

i) Frequency utility . As the name suggests, this utility is
based on the contact frequency between each node pair.
This means thatwi j is equal to the number of times the
two nodes have met throughout the trace. The utility of
a node is the its degree as in Eq. (27).

ii) PCA utility . This is a combined utility based on con-
tact frequency and duration. We first calculate the fre-
quency and duration matrices for each node pair. Then,
we transform them to scalar weights to obtainW using
principal component analysis (PCA) [33]. Once again,
the utility of a node is the its degree as in Eq. (27).

iii) Tie strength utility . This utility is based on the strength
of the tie between each node pair, as calculated in Sec-
tion 4.1. Here,wi j = pci j , the contact probability of the
two nodes. The utility of a node is the its degree as in
Eq. (27).

iv) Random utility . Finally, for this utility, we assign ran-
dom weightswi j to each node pair and use these to cal-
culate the utility of each node asd i .
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ETH INFO MIT TVCM24 TVCM24d HCMM20 TVCM104 TVCM104d HCMM100

Optimum
pred. 1.0000 0.5637 0.9733 1.0000 1.0000 1.0000 1.0000 1.0000 0.2427

meas. 1.0000 0.5659 0.7066 1.0000 1.0000 1.0000 1.0000 1.0000 0.2386

Local max.
pred. N/A 0.3762 0.0266 N/A N/A N/A N/A N/A 0.2368

meas. N/A 0.3726 0.0266 N/A N/A N/A N/A N/A 0.2118

Table 2: Absorption probabilities with frequency utility

In the following, we present for each of the four utilities:
(i) absorption probability results for the Greedy algorithm,
corresponding to Theorem 4, (ii) absorption delay results for
the Greedy algorithm, corresponding to Theorem 55., and
(iii) lower bound results on the convergence delay for the
MCMC algorithm, corresponding to Theorem 8.For the two
algorithms, we show both delays averaged over all nodes in
the network, as well as individual delay results for each node.

5.1 Results for the Frequency Utility

The frequency utility is the first and simplest utility one may
consider in the context of the Content Placement problem and
possibly in other contexts as well. Since the goal is to make a
piece of content as available as possible to the entire network,
choosing the node that meets other nodes the most frequently
seems a reasonable strategy. This utility is relatively strongly
correlated with the tie strength as defined in Section 4.1.
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Figure 6: Average absorption delays with frequency utility
(Greedy)

Table 2 shows absorption probabilities predicted using
Thm. 4 and measured in the traces. The first two rows give
the probability of absorption by the global optimum, the last
two – the probability of absorption by a local maximum. In

5Note that both Thm. 4 and Thm. 5 also allow for the calculationof local
maxima quantities.

most cases, the prediction is very accurate, both with a single
absorbing state, the global maximum (in ETH and TVCM24)
and when local maxima are present, resulting in multiple ab-
sorbing states (in Infocom, HCMM100).

Fig. 6 compares the predicted and measured values of the
average delay over all nodes for the greedy algorithm us-
ing the frequency utility above. The prediction is very ac-
curate in most cases. For larger scenarios (MIT, TVCM104,
TVCM104d, HCMM100), a much longer trace or simulation
time is needed for accurate results. This is because delays
are longer, therefore more time is required to get sufficient
samples for statistical significance.
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(a) ETH trace
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(b) TVCM24d scenario

Figure 7: Individual absorption delays (Greedy)

In Fig. 7, we show delay for individual nodes rather than ag-
gregated values. Nodes are ordered by increasing absolute
difference between predicted and measured values for clar-
ity. Some nodes are not present, as they are disconnected
from the network (we prune links with less than50 contacts
for statistical significance). Other nodes are local maxima,
hence they are absorbing states themselves. In general, most
nodes are accurately predicted.

However, a few outliers are also present: these are nodes
with irregular activity: bursts of very many contacts in very
little time, followed by much longer periods of inactivity.
For these nodes, the assumption of geometrically distributed
meeting probabilities does not hold, since their contacts are
no longer independent of each other.

A good illustration of this fact is the TVCM24d scenario, in
Figure 7(b). Here, bridges and nodes membership in com-
munities and are clearly identifiable by the accuracy of the
prediction. For the larger community (first 11 nodes), where
the optimal relay is almost surely located (the 12th node in
the community), the absorption delays are very accurately
predicted, as no irregular links (e.g., with bridge nodes) are
involved. For the other community and for the bridges, ab-
sorption by the optimal relay located in the first community
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ETH INFO MIT TVCM24 TVCM24d HCMM20 TVCM104 TVCM104d HCMM100

Optimum
pred. 1.0000 0.5267 0.6772 1.0000 0.6086 1.0000 1.0000 0.7862 0.2141

meas. 1.0000 0.5435 0.5561 1.0000 0.5979 1.0000 1.0000 0.6893 0.2185

Local max.
pred. N/A 0.4132 0.2957 N/A 0.3913 N/A N/A 0.2138 0.2404

meas. N/A 0.3936 0.1465 N/A 0.4020 N/A N/A 0.3106 0.2377

Table 3: Absorption probabilities with PCA utility

must go through the links with irregular activity of bridge
nodes. Therefore, the predictions are rougher.

To improve the predictions, we are planning to use a more
sophisticated model for these nodes in the future.
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(c) ETH trace
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(d) TVCM24d scenario

Figure 8: Convergence delays bounds with frequency utility
(MCMC)

Finally, Fig. 8 shows aggregated (8(a), 8(b)) and individual
results (8(c), 8(d)) for the convergence delay of the MCMC
algorithm. These results correspond to Thm. 8. In the major-
ity of traces, the predicted and measured values for both algo-
rithms are consistent. For some traces, certain combinations
of utility and temperature may render the Markov chain non-
ergodic, by creating either closed communicating classes or
periodicity or both (e.g., the MIT trace in Figure 8(a)). The
delay prediction method is able to detect this.

In addition, the effect of nodes with irregular activity is also
here obvious. Once again, the bridge nodes and various
communities are clearly identifiable in the TVCM24d
scenario in Figure 8(d).

5.2 Results for the PCA Utility

In the frequency utility, we only account for how often a pair
of nodes meets. However, in some application contexts, we

may also be interested in the duration of each meeting. For
exemple, in the content placement problem with large sizes
of the shared content, making the content the most available
does not only mean finding the relay with the most frequent
meetings, but the relay with the most frequent and longest
meeting, so that there is enough time for the transmission
to take place. To account for that, we analyze here a PCA-
based utility, combining frequency and duration of encoun-
ters. Similarly to the frequency one, this utility is also rela-
tively strongly correlated with the tie strength as defined in
Section 4.1.

Table 3 shows absorption probabilities predicted using
Thm. 4 and measured in the traces. The first two rows give
the probability of absorption by the global optimum, the last
two – the probability of absorption by a local maximum. In
most cases, the prediction is very accurate, both with a single
absorbing state, the global maximum (in ETH and TVCM24)
and when local maxima are present, resulting in multiple ab-
sorbing states (in Infocom, MIT, TVCM24d).
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(a) Absorption by optimum
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(c) Absorption by optimum
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(d) Absorption by local max.

Figure 9: Average absorption delays with PCA utility
(Greedy)

Fig. 9 compares the predicted and measured values of the
average delay over all nodes for the greedy algorithm us-
ing the PCA utility above. The prediction is very accu-
rate in most cases. For larger scenarios (MIT, TVCM104,
TVCM104d, HCMM100), a much longer trace or simulation
time is needed for accurate results. This is because delays
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ETH INFO MIT TVCM24 TVCM24d HCMM20 TVCM104 TVCM104d HCMM100

Optimum
pred. 1.0000 0.9419 0.9733 1.0000 1.0000 1.0000 1.0000 1.0000 0.6086

meas. 1.0000 0.9393 0.7066 1.0000 1.0000 1.0000 1.0000 1.0000 0.5979

Local max.
pred. N/A 0.0580 0.0266 N/A N/A N/A N/A N/A 0.3913

meas. N/A 0.0606 0.0266 N/A N/A N/A N/A N/A 0.4020

Table 4: Absorption probabilities with tie strength utility

are longer, therefore more time is required to get sufficient
samples for statistical significance.
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(a) MIT trace
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(b) TVCM24d scenario

Figure 10: Individual absorption delays with PCA utility
(Greedy)

In Fig. 10, we show delay for individual nodes rather than
aggregated values. Nodes are ordered by increasing absolute
difference between predicted and measured values for clarity.
Some nodes are not present, as they are disconnected from
the network (we prune links with less than50 contacts for
statistical significance). Other nodes are local maxima, hence
they are absorbing states themselves. In general, most nodes
are accurately predicted.

However, a few outliers are also present. As mentioned in
Section 5.1, these are usually nodes with irregular activity.
When these nodes are not present (e.g., Figure 10(b)), the
results are much more accurate and we can no longer distin-
guish between different node classes (bridges, communities).

Finally, Fig. 11 shows aggregated (11(a), 11(b)) and individ-
ual results (11(c), 11(d)) for the convergence delay of the
MCMC algorithm. These results correspond to Thm. 8. In
the majority of traces, the predicted and measured values for
both algorithms are consistent. For some traces, certain com-
binations of utility and temperature may render the Markov
chain non-ergodic, by creating either closed communicating
classes or periodicity or both (e.g., the MIT trace in Fig-
ure 11(a)). The delay prediction method is able to detect this.

In addition, the effect of nodes with irregular activity is also
here obvious. Once again, the bridge nodes and various com-
munities are clearly identifiable in the TVCM24d scenario in
Figure 11(d).

5.3 Results for the Tie Strength Utility

With the frequency and PCA utilities, we are essentially try-
ing to estimate the strength of a relationship between two
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(b) Average values
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(c) Infocom trace
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(d) TVCM24d scenario

Figure 11: Convergence delays bounds with PCA utility
(MCMC)

nodes. In the Content Placement problem, this is very use-
ful in order to find the node with the strongest ties to the rest
of the network. Intuitively, this node would provide maxi-
mum availability for any content it stores. Another way to
estimate the strength of the tie between two nodes is the one
we introduce in Section 4.1. In this section, we use this es-
timate to calculate the utility of each node and evaluate our
prediction theory. In this case, the meeting probabilitiesand
the utilities are perfectly correlated.

Table 4 shows absorption probabilities predicted using
Thm. 4 and measured in the traces. The first two rows give
the probability of absorption by the global optimum, the last
two – the probability of absorption by a local maximum. In
most cases, the prediction is very accurate, both with a single
absorbing state, the global maximum (in ETH and TVCM24)
and when local maxima are present, resulting in multiple ab-
sorbing states (in Infocom, HCMM100).

Fig. 12 compares the predicted and measured values of the
average delay over all nodes for the greedy algorithm using
the tie strength utility above. The prediction is very accu-
rate in most cases. For larger scenarios (MIT, TVCM104,
TVCM104d, HCMM100), a much longer trace or simulation
time is needed for accurate results. This is because delays
are longer, therefore more time is required to get sufficient
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(a) Absorption by optimum
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(b) Absorption by local max.
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(c) Absorption by optimum
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(d) Absorption by optimum

Figure 12: Average absorption delays with tie strength utility
(Greedy)

samples for statistical significance.
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(a) ETH trace
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(b) HCMM100 scenario

Figure 13: Individual absorption delays with tie strength
utility (Greedy)

In Fig. 13, we show delay for individual nodes rather than
aggregated values. Nodes are ordered by increasing absolute
difference between predicted and measured values for clarity.
Some nodes are not present, as they are disconnected from
the network (we prune links with less than50 contacts for
statistical significance). Other nodes are local maxima, hence
they are absorbing states themselves. In general, most nodes
are accurately predicted.

However, a few outliers are also present. As mentioned be-
fore, these are usually nodes with irregular activity. Particu-
larly, the HCMM100 scenario shows the relative robustness
of our prediction method. The HCMM model is specifically
designed to follow recent findings that, in practice, pairwise
intercontact times follow a power law. Consequently, our ge-
ometric assumption from Section 4.1 is clearly violated. In
spite of this violation, the prediction is still decent. This sus-
tains the thesis expressed in [37], that pairwise intercontact
times have exponential tails.

Finally, Fig. 14 shows aggregated (14(a), 14(b)) and individ-
ual results (14(c), 14(d)) for the convergence delay of the
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(a) Average values
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(c) Infocom trace

0 5 10 15 20
0

50

100

150

200

250

300

350

Nodes

A
ve

ra
ge

 D
el

ay
s

Convergence delay (tvcm24_disjoint, Fitted utility)

 

 

pred.
meas.

(d) TVCM24d scenario

Figure 14: Convergence delays bounds with tie strength util-
ity (MCMC)

MCMC algorithm. These results correspond to Thm. 8. In
the majority of traces, the predicted and measured values for
both algorithms are consistent.

While previously the effect of nodes with irregular activity
was obvious, in Figure 14(d), this effect is much more toned
down. This may be related to the perfect correlation between
the node utilities and tie strengths.

5.4 Results for the Random Utility

To finish our evaluation, we conduct a series of experiments
using a random utility, which should have little or no cor-
relation with the tie strength defined in Section 4.1. While
this is of little practical interest, it will help better understand
the relationship between utility and tie strength. Moreover,
it will also verify whether the proposed prediction method is
applicable to a wider range of utility functions.

Table 4 shows absorption probabilities predicted using
Thm. 4 and measured in the traces. The first two rows give
the probability of absorption by the global optimum, the last
two – the probability of absorption by a local maximum.
In most cases, the prediction is very accurate, both with a
single absorbing state, the global maximum (in TVCM24
and TVCM104) and when local maxima are present, result-
ing in multiple absorbing states (in Infocom, TVCM104d,
HCMM100).

Fig. 15 compares the predicted and measured values of the
average delay over all nodes for the greedy algorithm using
the random utility. The prediction is very accurate in most
cases. For larger scenarios (MIT, TVCM104, TVCM104d,
HCMM100), a much longer trace or simulation time is
needed for accurate results. This is because delays are longer,
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ETH INFO MIT TVCM24 TVCM24d HCMM20 TVCM104 TVCM104d HCMM100

Optimum
pred. 0.4881 0.8675 0.0145 1.0000 1.0000 1.0000 1.0000 0.5195 0.6086

meas. 0.9000 0.8794 0.0370 1.0000 1.0000 1.0000 1.0000 0.5028 0.5979

Local max.
pred. 0.5118 0.0297 0.2737 N/A N/A N/A N/A 0.2086 0.3913

meas. 0.0999 0.0476 0.1225 N/A N/A N/A N/A 0.2019 0.4020

Table 5: Absorption probabilities with random utility
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(a) Absorption by optimum
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(b) Absorption by optimum
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(c) Absorption by optimum
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(d) Absorption by local max.

Figure 15: Average absorption delays with random utility
(Greedy)

therefore more time is required to get sufficient samples for
statistical significance.

0 5 10 15 20 25
0

500

1000

1500

2000

2500

3000

Nodes

A
ve

ra
ge

 D
el

ay
s

Convergence delay (info, Random utility)

 

 

pred.
meas.

(a) Infocom trace
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(b) TVCM104d scenario

Figure 16: Individual absorption delays with random utility
(Greedy)

In Fig. 16, we show delay for individual nodes rather than
aggregated values. Nodes are ordered by increasing absolute
difference between predicted and measured values for clarity.
Some nodes are not present, as they are disconnected from
the network (we prune links with less than50 contacts for
statistical significance). Other nodes are local maxima, hence
they are absorbing states themselves. In general, most nodes
are accurately predicted. However, a few outliers are also
present. As mentioned before, these are usually nodes with
irregular activity.
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(a) Average values
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(b) Average values
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(c) ETH trace
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(d) TVCM104d scenario

Figure 17: Convergence delays bounds with random utility
(MCMC)

Finally, Fig. 17 shows aggregated (17(a), 17(b)) and indi-
vidual results (17(c), 17(d)) for the convergence delay of
the MCMC algorithm. These results correspond to Thm. 8.
While the results are not of the same quality as previously,
predicted and measured values for both algorithms are still
relatively consistent.

Once again, the effect of nodes with irregular activity is ob-
vious. In Figure 17(d), the convergence delay of a content
starting from any source node in the largest community (size
50) is perfectly predicted. In contrast, predictions for delays
from nodes in the other communities not at all accurate. This
indicates that the degree of correlation of the utility to the tie
strength is important for the accuracy of the prediction. Most
importantly however, it prompts us to find a better model for
ties which do not follow our current model.

6 Conclusion

This work has dealt with Distributed Optimization in the con-
text of Opportunistic Networks. We proposed an analyti-
cal framework and used it to study deterministic (Greedy)
and stochastic utility ascent (Markov Chain Monte Carlo) al-
gorithms. Using this framework, we proved necessary and

17



sufficient conditions for their correctness, and derived closed
form solutions for their performance (convergence probabil-
ity and delay), in generic mobility scenarios. We used real
and synthetic mobility traces to validate our findings, and
found a close match between predicted and measured quan-
tities.

In the short term future, we plan to refine our framework to
account for inaccuracies (e.g., nodes with irregular activity
etc). On the longer term, we will demonstrate and evaluate
the applicability of this framework to the more general dis-
tributed optimization problems as described in Section 2.
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